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Introduction

I Workhorse for the analysis of monetary policy, �uctuations
and welfare.

I Two departures from the classical monetary economy:
I Imperfect competition in the goods market

I Each �rm produces a di¤erentiated good for which it sets the
price (instead of taking the price as given)

I Price rigidity: some constraints are imposed on the price
adjustment mechanism by assuming only a fraction of �rms
can reset their prices in any given period, e.g. Calvo (1983)
staggered price setting.



Introduction

I DSGE structure (as RBC model)
I an in�nitely-lived representative household (max. utility from
consumption and leisure, subject to an intertemporal budget
constraint)

I a large number of �rms (with identical technology, subject to
exogenous random shocks)

I AD and AS blocks
I AD block: the (log-linearised) consumption Euler equation

xt = Et (xt+1)�
1
σ
(it � Et (πt+1)) + ut

I AS block: the "New Keynesian Phillips Curve"

πt = βEt (πt+1) + κxt

I Policy rule
it = f (Ωt ) + vt



Introduction

I Four markets: goods, labor, bonds, money (cashless economy)
I Di¤erentiated goods: a continuum of "varieties" j 2 (0, 1)
I Perfect competition in the labor market (no wage rigidities)
I Monopolistic competition on the goods markets: the �rm sets
the price of a di¤erentiated good it produces

I Nominal prices are sticky: only a fraction of �rms can reset
their prices in a given period



Households

The introduction of di¤erentiated goods requires that the
household problem be modi�ed slightly relative to the one
considered in the previous chapter.

Assumptions:

I The economy is composed of a continuum of in�nitely-lived
individuals, whose total is normalized to unity.

I There exists a continuum of �rms (goods) represented by the
interval [0, 1].



The representative household�s problem
A representative in�nitely-lived household seeks to maximize

Et
∞

∑
t=0

βtU(Ct ,Nt )

where Ct is a consumption index given by

Ct �
�Z 1

0
Ct (i)

ε�1
ε di

� ε
ε�1

with ε > 1: elasticity of substitution between any two given
varieties of goods i and j .
In this economy,

I Each household i consumes a basket of all goods Ct .
I The household supplies labor and saves in the form of nominal
state contingent securities.

I Each �rm i produces a di¤erentiated good, which enters the
consumption basket, and demands labor in a competitive
labor market given wage.



The representative household�s problem

The problem can be solved in two steps.

I In a speci�c period, the agent allocates optimally his resources
across each di¤erentiated good in a purely static fashion.

I Across periods, the agent solves a typical dynamic
optimization problem, featuring intertemporal allocation of
consumption and saving.



Step 1. Optimal (static) expenditure allocation

Problem
How to allocate its consumption expenditures among di¤erent
goods? (Dixit and Stiglitz, 1977)

De�ne Zt as the total nominal expenditure. The optimal allocation
of any given expenditure level can be found by sloving:

max
Ct (i )

Ct �
�Z 1

0
Ct (i)

ε�1
ε di

� ε
ε�1

s.t.
Z 1

0
Pt (i)Ct (i)di � Zt



Step 1. Optimal (static) expenditure allocation
Set up a Lagrange function:

L =
�Z 1

0
Ct (i)

ε�1
ε di

� ε
ε�1
� λ

�Z 1

0
Pt (i)Ct (i)di � Zt

�
∂L

∂Ct (i)
: C

1
ε
t Ct (i)

� 1
ε � λPt (i) = 0, 8i 2 [0, 1]

For any pair of goods (i , j),

Ct (i) = Ct (j)
�
Pt (i)
Pt (j)

��ε

Substitute it into the consumption index, we can derive the
isoelastic demand of good i as

Ct (i) =
�
Pt (i)
Pt

��ε

Ct

where Pt �
�Z 1

0
Pt (i)1�εdi

� 1
1�ε

. The higher ε, the better

substitution, and the lower the market power of any �rm j .



Isoelastic demand of good i
Proof:

C
ε�1

ε
t =

Z 1

0
Ct (i)

ε�1
ε di

=
Z 1

0

"
Ct (j)

�
Pt (i)
Pt (j)

��ε
# ε�1

ε

di

= Ct (j)
ε�1

ε Pt (j)ε�1
Z 1

0
Pt (i)1�εdi

De�ne a composite price index

Pt �
�Z 1

0
Pt (i)1�εdi

� 1
1�ε

,

then

C
ε�1

ε
t = Ct (j)

ε�1
ε Pt (j)ε�1P1�ε

t

Ct (j) =

�
Pt (j)
Pt

��ε

Ct



The dual problem (Yun, JME, 1996)

Note that the demand for good j can be derived by solving the
problem dual to the one above, i.e.,

min
Ct (i )

Zt =
Z 1

0
Pt (i)Ct (i)di

s.t.
�Z 1

0
Ct (i)

ε�1
ε di

� ε
ε�1
= Ct

where, Pt �
�Z 1

0
Pt (i)1�εdi

� 1
1�ε

is the expenditure for one unit of

consumption.



With the price index and composite consumption thus constructed,

PtCt =
Z 1

0
Pt (i)Ct (i)di

Price index�Consumption index = Total consumption expenditure.



Step 2. Intertemporal problem

maxEt
∞

∑
t=0

βtU(Ct ,Nt )

s.t.
Z 1

0
Pt (i)Ct (i)di +QtBt � Bt�1 +WtNt + Tt (1)

By using

PtCt =
Z 1

0
Pt (i)Ct (i)di ,

the budget constraint becomes

PtCt +QtBt � Bt�1 +WtNt + Tt .

This is formally identical to the constraint faced by households in
the single good economy analyzed in the previous classical
monetary model.



Intertemporal problem

The same set of FONCs can be derived.

�UN ,t
UC ,t

=
Wt

Pt

Qt = βEt

�
UC ,t+1
UC ,t

Pt
Pt+1

�
.

With a speci�c utilility function

U(Ct ,Nt ) =
C 1�σ
t

1� σ
� N1+ϕ

t

1+ ϕ



Intertemporal problem and loglinearization

Log-linearize the household�s FONCs, we have

ŵt � p̂t = σĉt + ϕn̂t (2)

0 = Et [�σ(ĉt+1 � ĉt ) + ı̂t � π̂t+1] (3)



Firms

The market is populated by a continuum of �rms acting as
monopolistic competitors. Labor is the only input of production.
The production function of �rm i is given by

Yt (i) = AtNt (i)
1�α

I At : productivity (technology) level, common to all �rms.
I α 2 (0, 1).
I Labor is an economy-wide competitive factor. Wt is the same
to all.

I This also implies that all �rms face a common nominal
marginal cost MCt .

I Two simultaneous problem:
I cost minimization by choosing Nt (i)
I discounted pro�t maximization by choosing the price P�t (i) .



Firms
cost minimization

Objective

min
Nt (i )

Wt

Pt
Nt (i) s.t. Yt (i) = AtNt (i)

1�α

Cost minimization implies the following e¢ ciency condition for the
choice of labor input:

Wt = MCt (1� α)AtNt (i)
�α .

where MCt is the marginal cost.



Price setting under monopolistic competition and �exible
prices

Firm chooses price, output and labor to maximize pro�t.

max
Pt (i )

Pt (i)Yt (i)�WtNt (i)

Substituting for Yt (i) and Nt (i), the �rm�s problem becomes the
one of choosing Pt (i) to maximize

= max
Pt (i )

�
Pt (i)
Pt

� (1� α)
MCt
Pt

�
Yt (i)

= max
Pt (i )

�
Pt (i)
Pt

� (1� α)
MCt
Pt

� �
Pt (i)
Pt

��ε

Ct

= max
Pt (i )

"�
Pt (i)
Pt

�1�ε

� (1� α)
MCt
Pt

�
Pt (i)
Pt

��ε
#
Ct



Price setting under monopolistic competition and �exible
prices

The FOC with respect to Pt (i):

(1� ε)

�
P�t (i)
Pt

��ε

+ (1� α) ε
MCt
Pt

�
P�t (i)
Pt

��ε�1
= 0

i.e.
P�t (i) =

1� α

1� 1/ε
MCt = µ �MCt

µ : markup over marginal cost
When ε ! ∞, µ ! 1, perfect competition, Pt (i) = MCt . In
general, ε is �nite and µ > 1, Pt (i) > MCt , leads to ine¢ ciently
low level of employment and output.



Sticky price equilibrium

Sticky price (Calvo pricing)
Calvo (1983): �rms adjust their price infrequently and the
opportunity to adjust follows an exogenous Poisson process. Each
�rm may reset its price with a constant probability (1� θ)
independently of past history; with probability θ they cannot adjust
price.
In this sense, the Calvo pricing rule is a time dependent rule, as
opposed to being state-dependent.

I Thus, each period a measure (1� θ) of �rms reset their
prices, while a fraction θ keeps their prices unchanged.

I As a result, the average duration of a price is given by 1
1�θ .

I θ becomes a natural index of price stickiness.



Aggregate price dynamics

If the law of large number holds, a fraction (1� θ) of �rms will
reset the price at each point in time. The evolution of the
aggregate price index therefore is

Pt =
h
θP1�ε

t�1 + (1� θ) (P�t )
1�ε
i 1
1�ε
.

In log-linear terms

p̂t = θp̂t�1 + (1� θ)p̂�t . (4)

Subtract p̂t�1 on both sides, it follows that...



Aggregate price dynamics

It follows that the rate of in�ation is given by

πt = (1� θ)(p̂�t � p̂t�1) (5)

I In steady state with zero in�ation (Π = 1),
P̄� = P̄t�1 = P̄t8t.

I Positive in�ation arises if and only if �rms adjusting prices in
any given period choose to charge prices that are on average
above the average price level prevailed in the economy in the
previous period.

I Thus understanding in�ation implies an understanding of why
�rms may want to choose to adjust their relative price
periodically.

I We have to examine how p̂�t is set in order to understand the
in�ation dynamics.



Optimal price setting

Problem
With sticky prices, the �rm must set its price taking account of the
risk that it will not be allowed to change its price in the future.

[Pt (i)Yt (i)� costt (i)] + θEt [Qt ,t+1 [Pt (i)Yt+1 (i)� costt+1 (i)]]
+θ2Et [Qt ,t+2 [Pt (i)Yt+2 (i)� costt+2 (i)]] + � � �



Optimal price setting

The problem of a �rm i that is able to reset its price is the one of
choosing P�t (i) to maximize the expected present discounted
stream of pro�ts while that price remains e¤ective. P�t (i) = P

�
t for

this type of �rms.

max
P �t

∑∞
k=0 θkEt

�
Qt ,t+k

�
P�t Yt+k jt �Ψt+k

�
Yt+k jt

���
s.t. Yt+k jt =

�
P�t
Pt+k

��ε

Ct+k

where Qt ,t+k � βk (Ct+k/Ct )
�σ (Pt/Pt+k ) is the stochastic

discount factor for nominal payo¤s, Ψt+k (�) is the cost function,
Yt+k jt is the output in period t + k for a �rm that last reset its
price in period t.



The FOC of �rms that can reset prices

The FOC:

Et

(
∑∞
k=0 θkQt ,t+k

"
Yt+k jt + P

�
t

∂Yt+k jt
∂P�t

� ∂Ψt+k

∂Yt+k jt

∂Yt+k jt
∂P�t

#)
= 0

with
∂Yt+k jt

∂P �t
= (�ε)

�
P �t
Pt+k

��ε�1 Ct+k
Pt+k

= (�ε)
Yt+k jt
P �t

, and de�ne

ψt+k jt �
∂Ψt+k

∂Yt+k jt

as the norminal marginal cost.



The FOC of �rms that can reset prices

The FOC becomes

Et

�
∑∞
k=0 θkQt ,t+k

�
Yt+k jt +

�
P�t � ψt+k jt

�
(�ε)

Yt+k jt
P�t

��
= Et

�
∑∞
k=0 θkQt ,t+kYt+k jt

�
1+ (P�t � ψt+k jt ) (�ε)

1
P�t

��
= Et

�
∑∞
k=0 θkQt ,t+kYt+k jt

�
1� ε+ ε

ψt+k jt
P�t

��
= 0



The FOC of �rms that can reset prices

Rearrange, we get

P�t =
ε

ε� 1
Et ∑∞

k=0 θkQt ,t+kYt+k jtψt+k jt
Et ∑∞

k=0 θkQt ,t+kYt+k jt

I If θ = 0, �exible price setting, P�t =
ε

ε�1ψt , i.e., �rms set price
as a simple (static) markup over the norminal marginal cost.

I The optimal price depends on a forecast of future values of
demand conditions as well as on the future evolution of the
marginal cost.



The FOC of �rms that can reset prices

De�ne

I Qt ,t+k � βk Q̃t ,t+k , where Q̃t ,t+k �
�
Ct+k
Ct

��σ
Pt
Pt+k

I Yt+k jt =
�
P �t
Pt+k

��ε
Ct+k = (P�t )

�ε P ε
t+kYt+k

Then

P�t =
ε

ε� 1| {z }
µ

Et ∑∞
k=0 (βθ)k Q̃t ,t+kP ε

t+kYt+kψt+k jt

Et ∑∞
k=0 (βθ)k Q̃t ,t+kP ε

t+kYt+k

Equivalently,

P�t Et ∑∞
k=0 (βθ)k Q̃t ,t+kP

ε
t+kYt+k

= µEt ∑∞
k=0 (βθ)k Q̃t ,t+kP

ε
t+kYt+kψt+k jt



Log-linearization
Left-hand side (LHS):

LHSt = P�t Et
h
P ε
tYt + βθQ̃t ,t+1P ε

t+1Yt+1 + (βθ)2 Q̃t ,t+2P ε
t+2Yt+2...

i
In steady state, assume

P̄� = P̄, Q̃ = 1

dLHS t � P̄1+εȲ (p̂�t + εp̂t + ŷt )

+P̄1+εȲ βθEt
�
p̂�t + εp̂t+1 + ŷt+1 + b̃qt ,t+1�+ ...

= P̄1+εȲ ∑∞
k=0 (βθ)k p̂�t

+P̄1+εȲEt
n
∑∞
k=0 (βθ)k

�
εp̂t+k + ŷt+k + b̃qt ,t+k �o

=
�
P̄1+εȲ

� 1
1� βθ

p̂�t

+P̄1+εȲEt
n
∑∞
k=0 (βθ)k

�
εp̂t+k + ŷt+k + b̃qt ,t+k �o



Log-linearization

Similarly for the right-hand side (RHS), de�ne

Real marginal cost: MC rt �
ψt
Pt
, so ψt = MC

r
t � Pt

In steady state, MC r = 1
µ , so that P̄ = µψ where µ = ε

ε�1 .

RHSt = µEt ∑∞
k=0 (βθ)k Q̃t ,t+kP

ε
t+kYt+kψt+k jt

= µ
h
Q̃tMC rt jtP

1+ε
t Yt + βθEt

�
Q̃t ,t+1MC rt+1jtP

1+ε
t+1Yt+1

�
+ ...

i



Log-linearization

In log-linear terms,

[RHS t
= µMC r P̄1+εȲ

�b̃qt +dmc r t jt + (1+ ε)p̂t + ŷt
�

+µMC r P̄1+εȲ βθEt
�b̃qt ,t+1 +dmc r t+1jt + (1+ ε)p̂t+1 + ŷt+1

�
+ ...

= P̄1+εȲ ∑∞
k=0 (βθ)k Et

�b̃qt ,t+k +dmc r t+k jt + (1+ ε)p̂t+k + ŷt+k
�



Log-linearization

By combining the log-linearized LHS and RHS, we obtain

p̂�t = (1� βθ)Et ∑∞
k=0 (βθ)k

�dmc r t+k jt + p̂t+k � (6)

= (1� βθ)
�dmc r t jt + p̂t�+ βθEt p̂�t+1 (7)

Implications:

I Firms that are allowed to reset the price do so as a weighted
average over the expected future nominal marginal cost.

I The presence of the aggregate price level denotes the
willingness to maintain (in expectation) the relative price
unchanged.

I The term involving dmc r t+k jt denotes the desire to change the
expected relative price in order to avoid any gap that may
emerge between expected and desired markup.



In�ation dynamics

Combine equation (4) with equation (7),

p̂t = θp̂t�1 + (1� θ)p̂�t
= θp̂t�1 + (1� θ) (1� βθ)

�dmc r t jt + p̂t�
+(1� θ)βθ

Et p̂t+1 � θp̂t
1� θ

θp̂t = θp̂t�1 � (1� θ)p̂t + (1� θ) (1� βθ)
�dmc r t jt + p̂t�

+βθEt p̂t+1 � βθ2p̂t
θ (p̂t � p̂t�1) = �(1� θ)p̂t + (1� θ) (1� βθ) p̂t � βθ2t p̂t

+(1� θ) (1� βθ)dmc r t jt + βθEt p̂t+1
= (1� θ) (1� βθ)dmc r t jt + βθ (Et p̂t+1 � p̂t )



In�ation dynamics

By rearrangement,

θπ̂t = (1� θ) (1� βθ)dmc r t jt + βθEt π̂t+1

π̂t = βEt π̂t+1 +
(1� θ) (1� βθ)

θ
dmc r t jt (8)

This is a forward-looking equation for in�ation, which links
movements of current in�ation to contemporaneous movements in
the real marginal cost and expected future in�ation.

I Intuition: An increase in demand implies a rise in output,
labor demand and therefore the real wage and the real
marginal cost. This triggers a rise in current in�ation (for any
given expectations on future in�ation).

I The longer prices are �xed (θ "), the less �rms are sensitive to
changes in the real marginal cost, as current demand
conditions matter less.



3.3 Equilibrium
Goods market clearing

Yt (i) = Ct (i) 8i 2 [0, 1]
De�ne

Yt �
�Z 1

0
Yt (i)

ε�1
ε di

� ε
ε�1
,

we get
Yt = Ct

Log-linearize,
ŷt = ĉt .

Combine it with the Euler equation (3) of households,

ŷt = Et ŷt+1 �
1
σ
(ı̂t � Et π̂t+1) . (9)



Equilibrium
Labor market equilibrium

De�ne

Nt =
Z 1

0
Nt (i)di .

Using

Yt (i) = AtNt (i)1�α,

Nt =
Z 1

0

�
Yt (i)
At

� 1
1�α

di

=

�
Yt
At

� 1
1�α

Z 1

0

�
Pt (i)
Pt

�� ε
1�α

di

N1�α
t =

Yt
At

"Z 1

0

�
Pt (i)
Pt

�� ε
1�α

di

#1�α

| {z }
Dt=exp(dt )



Equilibrium
Labor market equilibrium and price dispersion

Yt = AtN1�α
t exp(�dt )

If Dt = exp(dt ) > 1, Yt < AtN1�α
t , ine¢ ciency in output level.

Take log,
yt = at + (1� α) nt � dt ,

where

dt = (1� α) log

"Z 1

0

�
Pt (i)
Pt

�� ε
1�α

di

#
.

Under �exible price, Pt (i) = Pt , dt = 0, Dt = 1.



Equilibrium
Price dispersion

Under sticky price, see Appendix 3.3,

dt '
1
2

ε

Θ
var fpt (i)g

in a neighborhood of π = 0. But dt is equal to zero up to a
�rst-order approximation, such that d̂t ' 0. So

yt ' at + (1� α) nt
ŷt = ât + (1� α) n̂t

n̂t =
1

1� α
(ŷt � ât )



Equilibrium
Average real marginal cost

For an average �rm, the economy�s average real marginal cost

mc rt =
Wt

Pt

1
AtFN ,t (Nt )

=
Wt

Pt

1
At (1� α)N�α

t

dmc r t = ŵt � p̂t � dmpnt
= ŵt � p̂t � (ât � αn̂t )

= ŵt � p̂t �
1

1� α
(ât � αŷt )



Equilibrium
Real marginal cost for �rms resetting price

For �rms that set price at t and remains it at t + k,

dmc r t+k jt = ŵt+k � p̂t+k � dmpnt+k jt
= ŵt+k � p̂t+k �

1
1� α

�
ât+k � αŷt+k jt

�
= ŵt+k � p̂t+k �

1
1� α

�
ât+k � αŷt+k + αŷt+k � αŷt+k jt

�
= dmc r t+k � αε

1� α
(p̂�t � p̂t+k ) (10)

where the last line uses

Yt+k jt =

�
P�t
Pt+k

��ε

Yt+k

ŷt+k � ŷt+k jt = ε(p̂�t � p̂t+k )



Equilibrium
Real marginal cost: the special case

dmc r t+k jt = dmc r t+k � αε

1� α
(p̂�t � p̂t+k )

In the special case of constant returns to scale (α = 0, so that
labor share 1� α = 1), for example, Yt = AtNt , it happens thatdmc r t+k jt = dmc r t+k , i.e., the real marginal cost is independent on
the level of production and hence, it is common across �rms
whether they can set the price at t.



Equilibrium
Optimal price in terms of average real marginal cost

Now substitute (10) into equation (6),

p̂�t = (1� βθ)Et ∑∞
k=0 (βθ)k

�dmc r t+k jt + p̂t+k �
= (1� βθ)Et

�
∑∞
k=0 (βθ)k

�dmc r t+k � αε

1� α
(p̂�t � p̂t+k ) + p̂t+k

��
= � αε

1� α
p̂�t + (1� βθ)Et

�
∑∞
k=0 (βθ)k

�dmc r t+k + 1� α+ αε

1� α
p̂t+k

��

1� α+ αε

1� α
p̂�t = (1� βθ)Et

�
∑∞
k=0 (βθ)k

�dmc r t+k + 1� α+ αε

1� α
p̂t+k

��
p̂�t = (1� βθ)Et

n
∑∞
k=0 (βθ)k

�
Θdmc r t+k + p̂t+k �o (11)

with Θ = 1�α
1�α+αε � 1.



Equilibrium
Optimal price in terms of average real marginal cost

Rewrite this equation, we get

p̂�t = (1� βθ)
�
Θdmc r t + p̂t�+ βθEt p̂�t+1 (12)

Combine (12) and the aggregate price dynamics,

p̂t = θp̂t�1 + (1� θ)p̂�t
= θp̂t�1 + (1� θ) (1� βθ)

�
Θdmc r t + p̂t�

+(1� θ)βθ
Et fp̂t+1g � θp̂t

1� θ
θp̂t + (1� θ)p̂t

= θp̂t�1 + (1� θ) (1� βθ)Θdmc r t
+(1� θ � βθ)p̂t + βθEt fp̂t+1g



Equilibrium
In�ation in terms of the average real marginal cost

θπ̂t = (1� θ) (1� βθ)Θdmc r t � βθp̂t + βθEt p̂t+1

π̂t = βEt π̂t+1 +
(1� θ) (1� βθ)

θ
Θ| {z }

λ

�dmc r t (13)

= βEt π̂t+1 + λdmc r t
= βEt

�
βπ̂t+2 + λdmc r t+1�+ λdmc r t (14)

... (15)

= λ
∞

∑
k=0

βkEtdmc r t+k (16)



Equilibrium
In�ation in terms of the average real marginal cost

π̂t = λ
∞

∑
k=0

βkEt
�dmc r t+k	

In this model, in�ation results from the aggregate consequences of
purposeful price-setting decisions by �rms, which adjust their prices
in light of current and anticipated cost conditions.



Equilibrium
To relate the marginal cost with the output gap

dmc r t = (ŵt � p̂t )� dmpnt
= (σŷt + ϕn̂t )� (ât � αn̂t )

Using

ât � αn̂t = ŷt � n̂t
n̂t =

1
1� α

(ŷt � ât ) ,

then we obtain

dmc r t = ϕ+ α+ σ� ασ

1� α
ŷt �

ϕ+ 1
1� α

ât



Equilibrium
To relate the marginal cost with the output gap

dmc r t = ϕ+ α+ σ� ασ

1� α
ŷt �

ϕ+ 1
1� α

ât

Under the �exible price,

Pt (i) =
1

1� 1/ε

Wt

AtFN ,t (Nt (i))
= µ � ψt = Pt

The real marginal cost is constant and its variation is zero,

MC rt �
ψt
Pt
=
1
µ
; dmc r t = 0

De�ne the output under the �exible price as the natural output Y nt
and its log deviation as ŷnt ,

ŷnt =
ϕ+ 1

ϕ+ α+ σ� ασ
ât .



Equilibrium
To relate the marginal cost with the output gap

De�nition
Output gap: di¤erence between the real output, Yt , and the
natural output, Y nt . In log terms, it is de�ned as

ỹt = ŷt � ŷnt ,

which is resulting from the sticky price.

dmc r t =
ϕ+ α+ σ� ασ

1� α
(ŷnt + ỹt )�

ϕ+ 1
1� α

ât

=
ϕ+ α+ σ(1� α)

1� α
ỹt

= (σ+
ϕ+ α

1� α
)ỹt (17)



Equilibrium
The NKPC in terms of the output gap

π̂t = βEt fπ̂t+1g+ λdmc r t (18)

where λ = (1�θ)(1�βθ)
θ Θ.

Combine it with Equation (17), we get the NKPC

π̂t = βEt fπ̂t+1g+ κỹt

where κ � λ(σ+ ϕ+α
1�α ).



Equilibrium
The dynamic IS (DIS) curve

With the de�nition of output gap, the Euler equation (9) becomes

ŷnt + ỹt = Et fŷnt+1 + ỹt+1g �
1
σ
(ı̂t � Et fπ̂t+1g)

ỹt = Et fŷnt+1 � ŷnt g+ Et fỹt+1g �
1
σ
(ı̂t � Et fπ̂t+1g) .

De�ne natural rate of interest (deviation) as

r̂nt � σEt fŷnt+1 � ŷnt g =
σ(1+ ϕ)

ϕ+ α+ σ(1� α)
Et f∆ât+1g

= σψnyaEt f∆ât+1g ,

then we get the dynamic IS (DIS) equation

ỹt = �
1
σ
(ı̂t � Et fπ̂t+1g � r̂nt ) + Et fỹt+1g . (19)



The dynamic IS (DIS) curve

De�ne the expected real return as

r̂t � ı̂t � Et fπ̂t+1g ,

and assume
lim
T!∞

Et fỹt+T g = 0,

we get the iterated solution for ỹt as

ỹt = �
1
σ
Et

(
∞

∑
k=0

(r̂t+k � r̂nt+k )
)
. (20)

The output gap is proportional to the sum of current and
anticipated deviations between the real interest rate and its natural
counterpart.



The NKPC and DIS curves

The NKPC and DIS equations are the non-policy blocks of the
basic New Keynesian model.

I The NKPC determines in�ation given a path for the output
gap.

I The DIS determines output gap given a path for the
(exogenous) natural rate and the actural real rate.

In order to close the model, we need to supplement these two
equations with one or more equations determining how the nominal
interest rate it (ı̂t) evolves over time, i.e., with a description of
how the monetary policy is conducted.
In new Keynesian models, monetary policy is non-neutral.



3.4 Equilibrium Dynamics under Monetary Policy Rules
3.4.1 Equilibrium under an interest rate rule

ı̂t = φππ̂t + φy ỹt + vt (21)

vt : exogenous component with zero mean. φπ > 0, φy > 0 and
assume steady state in�ation π̄ = 0.
Combine Equation (21) with (19), then the DIS becomes

ỹt = �
1
σ

�
φππ̂t + φy ỹt � Et fπ̂t+1g � (r̂nt � vt )

�
+ Et fỹt+1g .

(22)



Equilibrium under an interest rate rule

Rewrite the NKPC and DIS�
1+

φy
σ

�
ỹt +

φπ

σ
π̂t = Et fỹt+1g+

1
σ
Et fπ̂t+1g+

1
σ
(r̂nt � vt )

π̂t = βEt fπ̂t+1g+ κỹt

into a system of di¤erence equations of [ỹt , π̂t ]
0 in a matrix form"

1+
φy
σ

φπ
σ

�κ 1

#
| {z }

M

�
ỹt
π̂t

�

=

�
1 1

σ
0 β

� �
Et fỹt+1g
Et fπ̂t+1g

�
+

� 1
σ
0

�
(r̂nt � vt )



Equilibrium under an interest rate rule

�
ỹt
π̂t

�
= M�1

�
1 1

σ
0 β

� �
Et fỹt+1g
Et fπ̂t+1g

�
+M�1

� 1
σ
0

�
(r̂nt � vt )

M�1 =

"
1 � φπ

σ

κ 1+
φy
σ

#
det(M)

=

�
σ �φπ

κσ σ+ φy

�
� 1

σ+ φy + κφπ| {z }
Ω



The system as di¤erence equations

AT � Ω
�

σ �φπ

κσ σ+ φy

� �
1 1

σ
0 β

�
=

�
σ 1� βφπ

κσ κ + β(σ+ φy )

�
Ω

BT � Ω
�

σ �φπ

κσ σ+ φy

� � 1
σ
0

�
=

�
1
κ

�
Ω

The system can be written as�
ỹt
π̂t

�
= AT

�
Et fỹt+1g
Et fπ̂t+1g

�
+ BT (r̂

n
t � vt ) (23)



The unique stable solution

Given that both ỹt and π̂t are nonpredetermined, the solution to
(23) is unique if and only if AT has both eigenvalues within the
unit circle. This results in the following constraint

κ (φπ � 1) + (1� β)φy > 0.

If φy = 0, the constraint becomes φπ > 1, consistent to the Taylor
principle.



3.4.1.1 The e¤ects of a monetary policy shock

Assume an AR(1) process of vt ,

vt = ρv vt�1 + εvt , ρv 2 [0, 1)

I εvt > 0: contractionary monetary policy shock.
I εvt < 0: expansionary monetary policy shock.

For simplicity, shut down technology shock, such that ŷnt = 0 and
r̂nt = 0 8t.
Using undetermined coe¢ cient method, guess that

ỹt = ψyv vt
π̂t = ψπv vt .



The e¤ects of a monetary policy shock
Insert the guessed solutions into Equation (22),

ỹt = �
1
σ

�
φππ̂t + φy ỹt � Et fπ̂t+1g � (r̂nt � vt )

�
+ Et fỹt+1g .

(24)

ψyv vt = �
1
σ

�
φπψπv vt + φyψyv vt + vt � ρvψπv vt

�
+ ρvψyv vt

[σ(1� ρv ) + φy ]ψyv = (ρv � φπ)ψπv � 1 (25)

For the NKPC equation,

π̂t = βEt fπ̂t+1g+ κỹt
ψπv vt = βρvψπv vt + κψyv vt

ψyv =
1� βρv

κ
ψπv (26)



The e¤ects of a monetary policy shock
Impulse responses

Insert Equation (26) into (25),

[σ(1� ρv ) + φy ]
1� βρv

κ
ψπv = (ρv � φπ)ψπv � 1

ψπv = �κ � 1
(1� βρv )[σ(1� ρv ) + φy ] + κ(φπ � ρv )| {z }

Λv>0

π̂t = �κΛv| {z }
<0

� vt

where κ � (σ+ ϕ+α
1�α )λ = (σ+

ϕ+α
1�α )

(1�θ)(1�βθ)
θ

1�α
1�α+αε > 0.



The e¤ects of a monetary policy shock
Impulse responses

Then, the response of the output gap is

ỹt = �(1� βρv )Λv| {z }
<0

� vt .



The e¤ects of a monetary policy shock
Impulse responses

r̂t = ı̂t � Et fπ̂t+1g
= φπψπv vt + φyψyv vt + vt + κΛv ρv vt

=
n
�Λv

h
κ (φπ � ρv ) + (1� βρv )φy

i
+ 1

o
vt

=

�
�Λv

�
1

Λv
� σ (1� ρv ) (1� βρv )

�
+ 1

�
vt

= σ (1� ρv ) (1� βρv )Λv| {z }
>0

� vt .

ı̂t = [σ (1� ρv ) (1� βρv )� κρv ]Λv � vt ,

where the sign is ambiguous upon the value of ρv . ρv ", ı̂t #.



The e¤ects of a monetary policy shock
Summary: Equilibrium under an interest rate rule

ỹt = � 1
σ
(ı̂t � Et fπ̂t+1g � r̂nt ) + Et fỹt+1g . (27)

π̂t = βEt fπ̂t+1g+ κỹt (28)

ı̂t = φππ̂t + φy ỹt + vt (29)



The e¤ects of a monetary policy shock
Summary: Equilibrium under an interest rate rule

Assume an AR(1) process of vt ,

vt = ρv vt�1 + εvt , ρv 2 [0, 1)
π̂t = �κΛv � vt
ỹt = �(1� βρv )Λv � vt
r̂t = σ (1� ρv ) (1� βρv )Λv � vt
ı̂t = [σ (1� ρv ) (1� βρv )� κρv ]Λv � vt

Calibration: β = 0.99 (quarterly data), σ = 1 (log utility), ϕ = 1,
α = 1/3, ε = 6, θ = 2/3, η = 4, φπ = 1.5, φy = 0.5, ρv = 0.5.

For εvt = 25bp, π̂t < 0, ỹt < 0, ŷt < 0, ı̂t > 0 (as ρv = 0.5, the
shock is not persistent enough), m̂t < 0.

The responses are consistent with CEE (2005) VAR analysis
qualitatively.



3.4.1.2 The e¤ects of a technology shock

Assume an AR(1) process of at ,

at = ρaat�1 + εat , ρa 2 [0, 1)

In the DIS equation,

r̂nt � σEt f∆ŷnt+1g
= σψnyaEt f∆at+1g
= �σψnya(1� ρa)at



The e¤ects of a technology shock

Setting vt = 0 8 t,
I Use the undetermined coe¢ cient method w.r.t. r̂nt ,

ỹt = ψyr r̂
n
t

π̂t = ψπr r̂
n
t

I r̂nt enters the equilibrium conditions in a way symmetric to vt
but with an opposite sign.�

ỹt
π̂t

�
= AT

�
Et fỹt+1g
Et fπ̂t+1g

�
+ BT (r̂

n
t � vt )

ψyr = �ψyv , ψπr = �ψπv



The impulse responses to a technology shock

ỹt = (1� βρa)Λa � r̂nt
= �σψnya(1� ρa)(1� βρa)Λaat

π̂t = κΛa � r̂nt
= �σψnya(1� ρa)κΛaat

where

Λa �
1

(1� βρa)[σ(1� ρa) + φy ] + κ(φπ � ρa)
> 0



The impulse responses to a technology shock

ŷt = ŷnt + ỹt
= ψnyaat � σψnya(1� ρa)(1� βρa)Λaat
= ψnya [1� σ(1� ρa)(1� βρa)Λa] at

Positive coe¢ cient for ŷt , but ambiguous sign for n̂t .

(1� α)n̂t = ŷt � at
=

h
(ψnya � 1)� σψnya(1� ρa)(1� βρa)Λa

i
at .

In the baseline calibration: σ = 1, ψnya =
(1+ϕ)

ϕ+α+σ(1�α)
= 1.

Employment declines for at > 0. Consistency with much empirical
evidence.



3.4.2 Equilibrium under an exogenous money supply

Exogenous money supply: ∆m̂t
De�ne log real money balance as

l̂t � m̂t � p̂t
l̂t = ŷt � η ı̂t

ỹt � η ı̂t = l̂t � ŷnt
ı̂t =

1
η

�
ỹt + ŷnt � l̂t

�
Rewrite the DIS equation as

(1+ ση)ỹt = σηEt fỹt+1g+ l̂t + ηEt fπ̂t+1g+ ηr̂nt � ŷnt (30)



Equilibrium under an exogenous money supply

From the de�nition of l̂t ,

l̂t � l̂t�1 = ∆m̂t � π̂t

l̂t�1 = l̂t + π̂t � ∆m̂t (31)

Now the equilibrium dynamics for real balance, output gap and
in�ation can be formed as

AM ,0

24 ỹt
π̂t
l̂t�1

35 = AM ,1
24 Et fỹt+1g
Et fπ̂t+1g

l̂t

35+ BM
24 r̂nt

ŷnt
∆m̂t

35 (32)



Equilibrium under an exogenous money supply

With one predetermined variable l̂t�1 and two nonpredetermined
variables ỹt and π̂t , a stationary solution will exist and unique, if
and only if

AM � A�1M ,0AM ,1
has two eigenvalues inside the unit circle and one eigen value
outside (or on) the unit circle.

This condition can be satis�ed by a broad range of calibration.



3.4.2.1 The e¤ects of a monetary policy shock

∆m̂t = ρm∆m̂t�1 + εmt , ρm 2 [0, 1)
Setting

I r̂nt = ŷ
n
t = 0, and

I εmt = 0.25 8 t = 0, εmt = 0 8 t 6= 0, an expansionary
monetary policy shock.

∆m̂t " , ỹt " , π̂t " , l̂t "
ı̂t " : no liquidity e¤ect

r̂t #

I The absence of a liquidity e¤ect is the consequence of
calibrated parameter σ = 1. If σ � 1, ρm � 1, liquidity e¤ect
presents.



3.4.2.2 The e¤ects of a technology shock

at "
r̂nt #
ŷt " , π̂t # , n̂t # , r̂t " (contractionary), ı̂t ' 0
ŷnt " " , ỹt #
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