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11月 25日

1. (a) 由于该过程满足平稳条件，因此对等式两端取期望：

E𝑋𝑡 = 𝜇 + 𝜙1E𝑋𝑡−1 + 𝜙2E𝑋𝑡−2

化简可得：

E𝑋𝑡 =
𝜇

1 − 𝜙1 − 𝜙2
= 2

(b)

𝑋̃𝑡 =𝜙1𝑋̃𝑡−1 + 𝜙2𝑋̃𝑡−2 + 𝜀𝑡 + 𝜃𝜀𝑡−1

=𝜙1
(
𝜙1𝑋̃𝑡−2 + 𝜙2𝑋̃𝑡−3 + 𝜀𝑡−1 + 𝜃𝜀𝑡−2

) + 𝜙2𝑋̃𝑡−2 + 𝜀𝑡 + 𝜃𝜀𝑡−1

=
(
𝜙1

2 + 𝜙2
)
𝑋̃𝑡−2 + 𝜙1𝜙2𝑋̃𝑡−3 + 𝜀𝑡 + (

𝜃 + 𝜙1
)
𝜀𝑡−1 + 𝜃𝜙1𝜀𝑡−2

=
(
𝜙1

3 + 𝜙2𝜙1
)
𝑋̃𝑡−3 + (

𝜙1
2𝜙2 + 𝜙2

3) 𝑋̃𝑡−4 + 𝜀𝑡 + (
𝜃 + 𝜙1

)
𝜀𝑡−1 + (

𝜙1𝜃 + 𝜙1
2 + 𝜙2

)
𝜀𝑡−2

因此：

𝜓0 = 1

𝜓1 = 𝜃 + 𝜙1

𝜓2 = 𝜙1𝜃 + 𝜙1
2 + 𝜙2

(c)

E𝑋𝑡𝜀𝑡 = 𝜓0𝜎
2
𝜖 = 𝜎2

𝜖

E𝑋𝑡𝜀𝑡−1 = 𝜓1𝜎
2
𝜖 =

(
𝜃 + 𝜙1

)
𝜎2
𝜖

E𝑋𝑡𝜀𝑡−2 = 𝜓2𝜎
2
𝜖 =

(
𝜙1𝜃 + 𝜙1

2 + 𝜙2
)
𝜎2
𝜖
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(d) 在等式两端依次乘以 𝑋𝑡 , 𝑋𝑡−1 , 𝑋𝑡−2 并取期望，可得：

𝜎2
𝑋 (1) = 𝜙1𝜎

2
𝑋 (0) + 𝜙2𝜎

2
𝑋 (1) + 𝜃𝜎2

𝜖

𝜎2
𝑋 (2) = 𝜙1𝜎

2
𝑋 (1) + 𝜙2𝜎

2
𝑋 (0)

𝜎2
𝑋(0) = 𝜙1𝜎

2
𝑋 (1) + 𝜙2𝜎

2
𝑋 (2) + (

𝜃2 + 𝜙1𝜃 + 1
)
𝜎2
𝜖

即： 
𝜙1 𝜙2 − 1 0

𝜙2 𝜙1 −1

1 −𝜙1 −𝜙2




𝜎2
𝑋 (0)

𝜎2
𝑋 (1)

𝜎2
𝑋 (2)


=


−𝜃𝜎2

𝜖

0(
𝜃2 + 𝜙1𝜃 + 1

)
𝜎2
𝜖


设系数矩阵为 Φ,则有：
𝜎2
𝑋 (0)

𝜎2
𝑋 (1)

𝜎2
𝑋 (2)


=

1
det (Φ)


−𝜙1𝜙2 − 𝜙1 𝜙2

2 − 𝜙2 1 − 𝜙2

𝜙2
2 − 1 −𝜙1𝜙2 𝜙1

−𝜙1𝜙2 − 𝜙1 𝜙2
1 + 𝜙2 − 1 𝜙2

1 − 𝜙2
2 + 𝜙2




−𝜃𝜎2

𝜖

0(
𝜃2 + 𝜙1𝜃 + 1

)
𝜎2
𝜖


解得：

𝜎2
𝑋 (0) = 1

det (Φ)
(
2𝜙1𝜃 − 𝜙2𝜃

2 − 𝜙2 + 𝜃2 + 1
)
𝜎2
𝜖

𝜎2
𝑋 (1) = 1

det (Φ)
(
𝜙2

1𝜃 + 𝜙1𝜃
2 + 𝜙1 + 𝜃𝜙2

2 + 𝜃
)
𝜎2
𝜖

𝜎2
𝑋 (2) = 1

det (Φ)
(
𝜙2

1𝜃
2 + 𝜙3

1𝜃 − 𝜙2
2𝜃

2 + 𝜙2𝜃
2 − 𝜙1𝜙

2
2𝜃 + 2𝜙1𝜙2𝜃 + 𝜙1𝜃 + 𝜙2

1 − 𝜙2
2 + 𝜙2

)
𝜎2
𝜖

其中，det(Φ) = (𝜙1 + 𝜙2 − 1)(𝜙2 − 𝜙1 − 1)(𝜙2 + 1)

(e)

𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜙2𝑋𝑡−2 + 𝜀𝑡 + 𝜃𝜀𝑡−1

(1 − 𝜙1L − 𝜙2L
2)𝑋𝑡 = (1 + 𝜙1L)𝜀𝑡

𝐴(L)𝑋𝑡 = 𝐵(L)𝜀𝑡

𝑋𝑡 = 𝐴(L)−1𝐵(L)𝜀𝑡

令 𝐶(𝑧) = 𝐴(𝑧)−1𝐵(𝑧) = 1+𝜃𝑧
1−𝜙1𝑧−𝜙2𝑧2

𝑓𝑥(𝜔) = 𝐺(𝑥) × 1 =
√
𝐶(𝑒 𝑖𝜔)𝐶(𝑒−𝑖𝜔) =

√
𝐵(𝑒 𝑖𝜔)𝐵(𝑒−𝑖𝜔)
𝐴(𝑒 𝑖𝜔)𝐴(𝑒−𝑖𝜔)
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𝑆𝑥(𝜔) = 𝑓 2
𝑥 (𝜔)𝑆𝜀(𝜔)

=
1

2𝜋 𝑓 2
𝑥 (𝜔)

=
1

2𝜋
𝐵(𝑒 𝑖𝜔)𝐵(𝑒−𝑖𝜔)
𝐴(𝑒 𝑖𝜔)𝐴(𝑒−𝑖𝜔)

=
1

2𝜋
(1 + 𝜃𝑒 𝑖𝜔)(1 + 𝜃𝑒−𝑖𝜔)

(1 − 𝜙1𝑒 𝑖𝜔 − 𝜙2𝑒 𝑖𝜔)(1 − 𝜙1𝑒−𝑖𝜔 − 𝜙2𝑒−𝑖𝜔)
=

1
2𝜋

(1 + 𝜃)2 + 2𝜃 cos(𝜔)
1 + 𝜙2

1 + 𝜙2
2 − 2𝜙1(1 − 𝜙2) cos(𝜔) − 2𝜙2 cos(2𝜔)

根据逆变换公式，𝜎2
𝑥(𝑘) =

∫ 1
2

− 1
2
𝑆𝑥(𝜔)𝑒 𝑖2𝜋𝜔𝑘d𝜔

𝜎2
𝑥(𝑘) =

∫ 1
2

− 1
2

𝑆𝑥(𝜔)𝑒 𝑖2𝜋𝜔𝑘d𝜔

=
∫ 1

2

− 1
2

1
2𝜋

(1 + 𝜃)2 + 2𝜃 cos(𝜔)
1 + 𝜙2

1 + 𝜙2
2 − 2𝜙1(1 − 𝜙2) cos(𝜔) − 2𝜙2 cos(2𝜔) 𝑒

𝑖2𝜋𝜔𝑘d𝜔

𝜎2
𝑥(0) =

∫ 1
2

− 1
2

1
2𝜋

(1 + 𝜃)2 + 2𝜃 cos(𝜔)
1 + 𝜙2

1 + 𝜙2
2 − 2𝜙1(1 − 𝜙2) cos(𝜔) − 2𝜙2 cos(2𝜔) 𝑒

𝑖2𝜋𝜔0d𝜔

=

(
2𝜙1𝜃 − 𝜙2𝜃2 − 𝜙2 + 𝜃2 + 1

)
(𝜙1 + 𝜙2 − 1)(𝜙2 − 𝜙1 − 1)(𝜙2 + 1)𝜎

2
𝜖

(f)

𝑌𝑡 = 𝑋𝑡 − 𝜇 − 𝜙1𝑋𝑡−1 − 𝜙2𝑋𝑡−2

由 {𝜀𝑡} iid∼ 𝑁(0, 𝜎2
𝜀)可得,

var(𝑌𝑡) = var(𝜀𝑡 + 𝜃𝜀𝑡−1) = (1 + 𝜃2)𝜎2
𝜀

cov(𝑌𝑡 , 𝑌𝑡−1) = cov(𝜀𝑡 + 𝜃𝜀𝑡−1 , 𝜀𝑡−1 + 𝜃𝜀𝑡−2) = 𝜃𝜎2
𝜀

cov(𝑌𝑡 , 𝑌𝑡−𝑘) = 0(𝑘 ≥ 2)

故

𝚺 =



1 + 𝜃2 𝜃 0 0 · · · 0

𝜃 1 + 𝜃2 𝜃 0 · · · 0

0 𝜃 1 + 𝜃2 𝜃 · · · 0

0 0 𝜃 1 + 𝜃2 · · · 0
...

...
...

...
. . .

...

0 0 0 0 · · · 1 + 𝜃2


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(g) 代码如下：

1 mu <- 0.12

2 phi1 <- 1.5

3 phi2 <- -0.56

4 theta <- 0.5

5 sigma <- 0.1

6

7 set.seed(1)

8 epsilon <- rnorm(5000, mean = 0, sd = sigma)

9

10 X <- numeric(5000)

11 X[1] <- mu + phi1*2 + phi2*2 +epsilon[1]

12 X[2] <- mu + phi1*X[1] + phi2*2 + epsilon[2]

13 + theta* epsilon[1]

14 for (t in 3:5000) {

15 X[t] <- mu + phi1 * X[t-1] + phi2 * X[t-2] + epsilon[t]

16 + theta * epsilon[t-1]

17 }

18

19 estimates <- matrix(NA, nrow = 50, ncol = 5)

20

21 for (k in 1:50) {

22 X_k <- X[1:(100*k)]

23 fit <- arima(X_k, order = c(2, 0, 1), method = "ML")

24 estimates[k,] <- c(fit$coef["intercept"], fit$coef["ar1"],

25 fit$coef["ar2"], fit$coef["ma1"], sqrt(fit$sigma2))

26 }
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27 df_estimates <- tibble(

28 k = 1:50,

29 mu = estimates[,1],

30 Φ_1 = estimates[,2],

31 Φ_2 = estimates[,3],

32 theta = estimates[,4],

33 sigma = estimates[,5])

34

35 ggplot(df_estimates)

36 + geom_line(aes(k, mu))

37 + geom_line(aes(k, 2),color = 'red')

38 + labs(x='k',y='mu')

39

40 ggplot(df_estimates)

41 + geom_line(aes(k, Φ_1))

42 + geom_line(aes(k, phi1),color = 'red')

43 + labs(x = 'k',y = 'Φ_1')

44

45 ggplot(df_estimates)

46 + geom_line(aes(k, Φ_2))

47 + geom_line(aes(k, phi2),color = 'red')

48 + labs(x = 'k',y = 'Φ_2')

49

50 ggplot(df_estimates)

51 + geom_line(aes(k, theta))

52 + geom_line(aes(k, theta),color = 'red')
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53 + labs(x = 'k',y = 'theta')

54

55 ggplot(df_estimates)

56 + geom_line(aes(k, sigma))

57 + geom_line(aes(k, sigma),color = 'red')

58 + labs(x = 'k',y = 'sigma')

(h) 代码如下：

1 set.seed(1234)

2
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3 mu <- 0.12

4 sigma <- 0.1

5 phi1 <- 1.5

6 phi2 <- -0.56

7 theta <- 0.5

8

9 epsilon <- rnorm(5000, mean = 0, sd = sigma)

10 X <- numeric(5000)

11 X[1] <- mu

12 X[2] <- mu

13 for (t in 3:5000) {

14 X[t]<-mu+phi1*X[t-1]+phi2*X[t-2]+epsilon[t]+theta*epsilon[t-1]

15 }

16

17 order_aic <- matrix(NA, nrow = 50, ncol = 2)

18 order_bic <- matrix(NA, nrow = 50, ncol = 2)

19

20 for (k in 1:50) {

21 X_k <- X[1:(100*k)]

22

23 fit_aic <- auto.arima(X_k, ic = "aic")

24 fit_bic <- auto.arima(X_k, ic = "bic")

25

26 order_aic[k,] <- c(fit_aic$arma[1], fit_aic$arma[2])

27 order_bic[k,] <- c(fit_bic$arma[1], fit_bic$arma[2])

28 }
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29

30 df_aic<-tibble(k=1:50, p=order_aic[,1],q = order_aic[,2])

31 df_bic<-tibble(k=1:50, p=order_bic[,1],q = order_bic[,2])

32

33 df_p <- tibble(k = 1:50, aic = df_aic$p, bic = df_bic$p)

34 df_q <- tibble(k = 1:50, aic = df_aic$q, bic = df_bic$q)

35

36 ggplot(df_p)+

37 geom_line(aes(k, aic), color = 'red')+

38 geom_line(aes(k, bic), color = 'blue')+

39 labs(title = 'AR部分 ',

40 x = 'k',

41 y = 'p的阶数 ')

42

43 ggplot(df_q)+

44 geom_line(aes(k, aic), color = 'red')+

45 geom_line(aes(k, bic), color = 'blue')+

46 labs(title = 'MA部分 ',

47 x = 'k',

48 y = 'q的阶数 ')
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2.

E(𝑋𝑡+1 , 𝑋𝑡) = 𝜃1(1 + 𝜃2)

𝐸(𝑋𝑡+2 , 𝑋𝑡) = 𝜃2

故 𝑋𝑡+1 与 𝑋𝑡、𝑋𝑡−1 相关，𝑋𝑡+2 与 𝑋𝑡 相关

当 𝑠 ≥ 3时，𝑋𝑡+3𝑋𝑡、𝑋𝑡−1 均不相关

(a)

𝑋̂𝑡+1|𝑡 = L(𝑋𝑡+1 |𝑋𝑡 , 𝑋𝑡−1) = 𝑏𝑋

其中，𝑋 =


𝑋𝑡

𝑋𝑡−1


𝑏 = 𝑎𝑟𝑔𝑚𝑖𝑛

𝑎
E
[
𝑌 − 𝑏𝑇𝑋

]2

= (E [
𝑋𝑋𝑇

])−1E [𝑋𝑋𝑡+1]

=


1 + 𝜃2

1 + 𝜃2
2 𝜃1(1 + 𝜃2)

𝜃1(1 + 𝜃2) 1 + 𝜃2
1 + 𝜃2

2



𝜃1(1 + 𝜃2)

𝜃2


=

1
detΦ


1 + 𝜃2

1 + 𝜃2
2 −𝜃1(1 + 𝜃2)

−𝜃1(1 + 𝜃2) 1 + 𝜃2
1 + 𝜃2

2



𝜃1(1 + 𝜃2)

𝜃2


=

1
detΦ


𝜃1(1 + 𝜃2)(1 + 𝜃2

1 + 𝜃2
2 − 𝜃2)

𝜃2(1 + 𝜃2
1 + 𝜃2)2 − 𝜃2

1(1 + 𝜃2)2


=

1
(1 + 𝜃2

1 + 𝜃2
2)2 − 𝜃2

1(1 + 𝜃2)2

𝜃1(1 + 𝜃2)(1 + 𝜃2

1 + 𝜃2
2 − 𝜃2)

𝜃2(1 + 𝜃2
1 + 𝜃2)2 − 𝜃2

1(1 + 𝜃2)2


(b)

𝑋̂𝑡+2|𝑡 = 𝑏𝑋𝑡

𝑏 = E(𝑋2
𝑡 )−1E(𝑋𝑡𝑋𝑡−1)

=
𝜃1(1 + 𝜃2)
1 + 𝜃2

1 + 𝜃2
2
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