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1. (a) 由于 X,Y相互独立，故联合分布密度函数为 f (x , y) � f (x) f (y) � 1
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故柯西分布 Z的概率密度函数为 f (z) � 1

π(z2+1)

(b) 下面证 (a)中柯西分布 Z的期望等于无穷,故期望不存在。
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2. (a) 由于 EXt � E cos( πn t + U) �
∫ π
−π

1
2π cos( πn t + U)du � 0，可得：

σ2
x(k) � cov(Xt+k ,Xt) � EXt+kXt − EXt+kEXt � EXt+k Xt
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(b) 代码如下：

1 library(tidyverse)

2 library(ggplot2)

3 library(tseries)

4 X <- vector("double" ,1000)

5 U <- runif(1,-pi ,pi)

6 X<-matrix(nrow=1000,ncol=5)

7 for(n in 1:5)

8 {

9 y<-c()

10 for(t in 1:1000){

11 x<-cos(pi/n*t+U)

12 y<-c(y,x)

13 }

14 X[,n]<-y

15 }

16 X<-data.frame(X[1:100,])

17 X%>%ggplot(mapping = aes(x,y))+

18 geom_point(mapping = aes(x=(1:100),y=X[,1]),color="black")+

19 geom_line(mapping = aes(x=(1:100),y=X[,1]),color="blue")

20 X%>%ggplot(mapping = aes(x,y))+

21 geom_point(mapping = aes(x=(1:100),y=X[,2]),color="black")+

22 geom_line(mapping = aes(x=(1:100),y=X[,2]),color="red")

23 X%>%ggplot(mapping = aes(x,y))+

24 geom_point(mapping = aes(x=(1:100),y=X[,3]),color="black")+

25 geom_line(mapping = aes(x=(1:100),y=X[,3]),color="yellow")

26 X%>%ggplot(mapping = aes(x,y))+

27 geom_point(mapping = aes(x=(1:100),y=X[,4]),color="black")+
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28 geom_line(mapping = aes(x=(1:100),y=X[,4]),color="pink")

29 X%>%ggplot(mapping = aes(x,y))+

30 geom_point(mapping = aes(x=(1:100),y=X[,5]),color="black")+

31 geom_line(mapping = aes(x=(1:100),y=X[,5]),color="green")

32 #n的取值影响了X_ t的周期，n值越大，X_ t 的周期越长

33 # i i .

34 acf(X[,1], type = "covariance")

35 acf(X[,2], type = "covariance")

36 acf(X[,3], type = "covariance")

37 acf(X[,4], type = "covariance")

38 acf(X[,5], type = "covariance")

3. (a) 证明如下：
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(b) σ̂2
N �

N
N−1

(
1
N

∑N
i�1 x2
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)
, E(x2

i ) � var(X) + E(Xi)2 � σ2 + µ2

对独立同分布的随机变量序列 Xt，由 LLN得 1
N

∑N
i�1 x2

i

a.s .→ E(X2
i ) � σ2 + µ2

故 σ̂2
N

a.s .→ N
N−1σ

2 � σ2 (N → +∞)

4. (a)
cov(x , k1 y1 + k2 y2) � E

[
x(k1 y1 + k2 y2)

]
− E(x)E(k1 y1 + k2 y2)

� k1
(
E(x y1) − E(x1E(y1)
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+ k2
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)
� k1cov(x , y1) + k2cov(x , y2)

同理

cov(k1x1 + k2x2 , y) � k1cov(x1 , y) + k2cov(x2 , y)
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∀k1 , k2 ∈ R , cov(x , y) � E(x y) − E(x)E(y) � cov(y , x)

故 cov(, )是对称双线性函数。

(b)
var(aX + Y) � cov(aX + Y, aX + Y)

� a2cov(X,X) + 2acov(X,Y) + cov(Y.Y) ≥ 0

∆ � 4cov(X,Y)2 − 4var(X)var(Y) ≤ 0

∴ |cov(X,Y)|2 ≤ σ2
Xσ

2
Y

5. (a) 对称性： f (x , y) � ∑n
i�1 xi yi �

∑n
i�1 yi xi � f (y , x)

双线性性：
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(c) 由 (b)知
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6. 证明如下：{ϕi}∞i�0 绝对可和，即
∑∞

i�0 |ϕi | < ∞,∑∞
i�0 |ϕi |2 < ∞

易知仅有有限项 |ϕi | ≥ 1，假设有 t项，k ≥ 0


|ϕi | ≥ 1 i � 1, 2, · · · , t

|ϕi | < 1 i ≥ t

4



∑∞
i�k |ϕiϕi−k | �
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