
2022秋季本科时间序列

第 7次作业答案

12月 1日

1. (a) i.

𝑷𝑋𝝃 = 𝑿 (𝑿 Ç𝑿 )−1𝑿 Ç𝑿𝒂

= 𝑿𝑰𝒂

= 𝑿𝒂

= 𝝃

ii.

(𝑿𝒂)Ç(𝑰 − 𝑷𝑋)𝜻 = 𝒂Ç𝑿 Ç(𝜻 − 𝑿 (𝑿 Ç𝑿 )−1𝑿 Ç𝜻)
= 𝒂Ç𝑿 Ç𝜻 − 𝒂Ç𝑿 Ç𝑿 (𝑿 Ç𝑿 )−1𝑿 Ç𝜻

= 𝒂Ç𝑿 Ç𝜻 − 𝒂Ç𝑰𝑿 Ç𝜻

= 0

(b) i. 由 OLS估计系数表达式可知，𝒀 对𝑾 回归的系数为 (𝑾 Ç𝑾 )−1𝑾 Ç𝒀，而 𝒁 对

𝑾 回归的系数为 (𝑾 Ç𝑾 )−1𝑾 Ç𝒁，故两组回归对应的残差向量分别为

(𝑰 −𝑾 (𝑾 Ç𝑾 )−1𝑾 Ç)𝒀 = (𝑰 − 𝑷𝑊 )𝒀 = �̃�

(𝑰 −𝑾 (𝑾 Ç𝑾 )−1𝑾 Ç)𝒁 = (𝑰 − 𝑷𝑊 )𝒁 = �̃�

ii. 由 �̂� = 𝒀 −𝑿 �̂� = 𝒀 −𝑿 (𝑿𝑇𝑿 )−1𝑿𝑇𝒀 = (𝑰 −𝑷𝑋)𝒀，由 (a)的结论可得 �̂�与 𝑿 的

每个列向量相互垂直，故垂直于 𝒁与𝑾 (𝒁𝑇 𝑒 = 𝑾𝑇 𝑒 = 0)。
iii. 𝑷𝑊 �̂� = 𝑾 (𝑾 Ç𝑿 )−1𝑾 Ç �̂�，由 ii可知𝑾 Ç𝒆 = 0，故得所证。

iv. 只需要说明 �̂�正好满足回归 �̃� = �̃�𝜹 + 𝒖的 OLS系数估计所需满足的一阶条件
�̃�Ç�̃� − �̃�Ç�̃�𝜹 = 0。为此，首先注意到 �̂� = 𝒀 − 𝑿 �̂� = 𝒀 − 𝒁�̂� −𝑾 �̂�，两端同时

乘以 𝑰 − 𝑷𝑊 可得

(𝑰 − 𝑷𝑊 )�̂� = (𝑰 − 𝑷𝑊 )𝒀 − (𝑰 − 𝑷𝑊 )𝒁�̂� − (𝑰 − 𝑷𝑊 )𝑾 �̂�

由 i–iii结论可知，上式可以进一步写为

�̂� = �̃� − �̃��̂�

再在两端乘以 �̃�Ç可得

0 = �̃��̂� = �̃�Ç�̃� − �̃�Ç�̃��̂� = �̃�Ç(�̃� − �̃��̂�)
即得所证。
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(c) 设 𝒀 = 𝑰𝜶 + 𝑿𝜷 + 𝒆，同理 FWL定理定义回归残差 �̃� 和 �̃�

�̃� = (𝑰 − 𝑷𝐼)𝒀
�̃� = (𝑰 − 𝑷𝐼)𝑿

则可推出
�̃� = (𝑰 − 𝑷𝐼)𝒀 = 𝒀 − 𝒀

�̃� = (𝑰 − 𝑷𝐼)𝑿 = 𝑿 − 𝑿

于是可得 �̃� = �̃�𝑡
𝑇
𝜷 + 𝒖𝑡 的 𝑂𝐿𝑆估计所得 �̂�等于 𝒀 = 𝜶 + 𝑿𝑇

𝑡 𝜷 + 𝒆𝑡 中 �̂�值

2. (a)
�̂� = 𝒁�̂� +𝑾 �̂� = 𝑿 �̂� = 𝑿 (𝑿 Ç𝑿 )−1𝑿 Ç𝒀 = 𝑷𝑿𝒀

�̄� = 𝒁�̂� = 𝒁(𝒁Ç𝒁)−1𝒁Ç𝒀 = 𝑷𝒁𝒀

(b)

(�̂� − �̄� )Ç𝒁 = [(𝑷𝑿 − 𝑷𝒁)𝒀]Ç𝒁
= 𝒀 Ç(𝑷𝑿 − 𝑷𝒁)Ç𝒁
= 𝒀 Ç[(𝑰 − 𝑷𝒁) − (𝑰 − 𝑷𝑿 )]Ç𝒁
= 𝒀 Ç(𝑰 − 𝑷𝒁)Ç𝒁 − 𝒀 Ç(𝑰 − 𝑷𝑿 )Ç𝒁

由第 1题可知：(𝑰 − 𝑷𝒁)Ç𝒁 = 0, [(𝑰 − 𝑷𝑿 )𝒀]Ç𝒁 = 0

因此 (�̂� − �̄� )Ç𝒁 = 0

故得证 (�̂� − �̄� )Ç�̄� = (�̂� − �̄� )Ç𝑷𝒁𝒀 = (�̂� − �̄� )Ç𝒁(𝒁Ç𝒁)−1𝒁Ç𝒀 = 0

(c) 已知 (�̂� − �̄� )Ç�̄� = 0

要证 �̂� Ç�̂� ≥ �̄� Ç�̄� 即证 �̂� Ç�̂� ≥ �̂� Ç�̄�

�̂� Ç(�̂� − �̄� ) = (�̂� − �̄� + �̄� )Ç(�̂� − �̄� )
= (�̂� − �̄� )Ç(�̂� − �̄� ) + �̄� Ç(�̂� − �̄� )
= (�̂� − �̄� )Ç(�̂� − �̄� ) ≥ 0

当且仅当 �̂� − �̄� ≠ 0时，�̂� Ç�̂� > �̄� Ç�̄� 严格成立

(d) 由 c可知，当解释变量只有 𝒁 时，估计结果为 �̄�，当增加解释变量𝑾 时，估计结

果为 �̂�

�̂�2 − �̄�2 =
�̂� Ç�̂�
𝒀 Ç𝒀

− �̄� Ç�̄�
𝒀 Ç𝒀

=
�̂� Ç�̂� − �̄� Ç�̄�

𝒀 Ç𝒀
≥ 0

因此 𝒀 对 𝑿 = [𝑋1 , . . . , 𝑋𝑛]回归中增加解释变量 𝑋𝑛+1时，𝑅2单调递增
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