
2022 秋季本科时间序列

第 1次作业答案

9月 16日

1. (a) 解:首先验证性质 1,�(∅) = 0, �(Ω) = �([0, 1]) = 12 = 1,故 �满足性质 1

然后验证性质 2, ∀{�8}∞8=1 ∈ Ω,
⋃∞

8=1 �8 = [0, 1], �8 = [ 8 ,  8+1]
且∀8 , 9 = 1, ...,∞, �8 ∩ �9 = ∅

�(
∞⋃
8=1

�8) = �([0, 1])

= (1 − 0)2 = (1 + ... +  8+1 −  8 + ... +  1 − 0)2

≥
∞∑
8=1

(( 1 − 0)2 + ... + ( 8+1 −  8)2 + ...))

=

∞∑
8=1

�(�8)

即 �(⋃∞
8=1 �8) ≠

∑∞
8=1 �(�8),故 �不满足性质 2,�不是概率测度。

(b) 解:首先验证性质 1,∅ = 0,P(Ω) = 12 − 0 = 1,故 P满足性质 1

然后验证性质 2, ∀{�8}∞8=1 ∈ Ω,
⋃∞

8=1 �8 = [0, 1], �8 = [ 8 ,  8+1]
且∀8 , 9 = 1, ...,∞, �8 ∩ �9 = ∅

P(
∞⋃
8=1

�8) = P([0, 1])

= 12 − 02 = 1 − ... −  2
8+1 +  2

8+1 −  2
8 +  2

8 + ... +  2
1 − 02

=

∞∑
8=1

P(�8)

即 P(⋃∞
8=1 �8) =

∑∞
8=1P(�8),故 P满足性质 2,则综上 P是概率测度。

-的��� :

�(G) = P({$ : -($) ≠ G}) = G2 , G ∈ [0, 1]
-的�� :

5 (G) = �′(G) = 2G, G ∈ [0, 1]
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(c) 证明:

E0A(-) = E[- − E-]2

= E[-2 − 2-E- + (E-)2]

= E[-2] − 2E[-E-] + (E-)2

= E[-2] − 2(E-)2 + (E-)2

= E[-2] − (E-)2

(d) i. 两点分布

E- = ? × 0 + (1 − ?) × 1 = 1 − ?
E0A(-) = E[-2] − (E-)2 = (1 − ?) − (1 − ?)2 = ?(1 − ?)
BC3(-) =

√
E0A(-) =

√
?(1 − ?)

ii. 二项式分布

E- = =?

E0A(-) = =?(1 − ?)
BC3(-) =

√
E0A(-) =

√
=?(1 − ?)

iii. Poisson分布

E- =

+∞∑
8=0

G8%8 = 4−�
+∞∑
8=1

8
�8

8!
= 4−�

+∞∑
8=2

�8

(8 − 1)! = 4−�×�
+∞∑
8=2

�8−1

(8 − 1)! = 4−�×�4� = �

E(-2) =
+∞∑
8=0

G28 %8 = 4−�
+∞∑
8=1

82
�8

8!
= 4−�

+∞∑
8=2

8
�8

(8 − 1)! = 4−�
+∞∑
8=2

[(8 − 1) + 1] �8

(: − 1)!

= 4−�[
+∞∑
8=3

�8

(8 − 2)! +
+∞∑
8=2

�8

(8 − 1)! ] = 4−�[�2

+∞∑
8=3

�8−2

(8 − 2)! + �
+∞∑
8=2

�8−1

(8 − 1)! ]

= 4−�(�24� + �4�) = �2 + �

即 E- = �

E0A(-) = E(-2) − (E-)2 = �

BC3(-) =
√
�

iv. 均匀分布

E- = 0+1
2

E0A(-) = E(-2) − (E-)2 = 02+01+12
3

− (0+1)2
4

= 02−201+12
12

=
(0−1)2
12

BC3(-) = (0−1)
2
√
3

v. 正态分布
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E- =

∫ +∞

−∞
G 5 (G)3G =

∫ +∞

−∞

1
√
2��

G4−
(G−�)2
2�2 3G

=

∫ +∞

−∞

1
√
2��

(G − �)4−
(G−�)2
2�2 3G + �

∫ +∞

−∞

1
√
2��

4−
(G−�)2
2�2 3G

=

∫ +∞

−∞

1√
2��

G4−
G2

2�2 3G + �

∫ +∞

−∞
5 (G)3G = �

E0A(-) = E[(G − �)2] =
∫ +∞

−∞

1
√
2��

(G − �)24−
(G−�)2
2�2 3G =

∫ +∞

−∞

1
√
2��

G24−
G2

2�2 3G = �2

即 E- = �

E0A(-) = �2

BC3(-) = �

vi. 指数分布

E- =

∫ +∞

−∞
G 5 (G)3G =

∫ +∞

0

G 5 (G)3G =

∫ +∞

0

G × �4−�G3G =
1

�

∫ +∞

0

�G4−�G3�G

=
1

�

∫ ∞

0

D4−D3D(令D = �G)

=
1

�

E(-2) =
∫ +∞

−∞
G2 5 (G)3G =

∫ +∞

0

G2 5 (G)3G =

∫ +∞

0

G2 × �4−�G3G

=
1

�2

∫ +∞

0

D24−D3D(令D = �G)

=
2

�2

即 E- = 1
�

E0A(-) = E(-2) − (E-)2 = 1
�2

BC3(-) = 1
�

2. 证明:

∞∑
8=0

P(- = 8) = P(- = 0) + P(- = 1) + . . .

=

∞∑
8=0

4−��8

8!

= 4−�
∞∑
8=0

�8

8!

= 4−� × 4�

= 1
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3. 解:

lim
=→∞
P(- = 8) = lim

=→∞

(
=

8

)
? 8(1 − ?)=−8

= lim
=→∞

=!

8!(= − 8)!?
8(1 − ?)=−8

= lim
=→∞

=!

8!(= − 8)! (
�
=
)8(1 − �

=
)=−8

=
�8

8!
lim
=→∞

=!

(= − 8)!= 8 (1 −
�
=
)=−8

=
�8

8!
× 4−�

=
�84−�

8!

由上述推导可看出当 n充分大而 p较小时,二项分布的概率可由 Poisson分布近似

4. 证明:对于凸函数 ,(·), ,(G) + (1 − ),(H) ≥ ,(G + (1 − )H),其中 ∈ (0, 1)
令点 : 与 ,(·)切于点 G0,则对任意点 G0有

,(G) − ,(G0) ≥ :(G − G0)

其中 G ∈ R,考虑 G = -, G0 = E-,其中 - 为随机变量,则有

,(-) − ,(E-) ≥ :(- − E-)

两边取期望则

E[,(-)] − �[,(E-)] ≥ :(E- − E-)

E[,(-)] ≥ �[,(E-)]

若 ,(·)严格凸则同理可得 E[,(-)] > �[,(E-)]

5. 证明:由 4有 E[,(-)] ≥ ,(E-)
令 ,(G) = G2,则由 ,′(G) = 2G, ,′′(G) = G,则 ,(G)为凸函数
则 E(-2) ≥ ,(E(-)) = (E-)2,得证
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