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1. (a) zz̄ � (a + bi)(a − bi)
� a2 − abi + abi − b2i2

� a2 + b2

� (
√

a2 + b2)2
� |z2 |

(b) ∵ zw � (a + bi)(c + di)
� ac + adi + bci + bdi2

� (ac − bd) + (ad + bc)i
∴ |zw | �

√
(ac − bd)2 + (ad + bc)2 �

√
(ac)2 + (bd)2 + (ad)2 + (bc)2

又 |z | |w | �
√

a2 + b2 + c2 + d2 �
√
(ac)2 + (bd)2 + (ad)2 + (bc)2

∴ |zw | � |z | |w |
根据数学归纳法

k � 1时，|z | � |z |
假设 k � n时，|zn | � |z |n
k � n + 1时，|zn+1 | � |zn z | � |zn | |z | � |z |n |z | � |z |n+1

∴ |zk | � |z |k

(c) 令 Sn � z1 + z2 + ... + zn �
1−zn

1−z

∵ |z | < 1 ∴ limn→+∞ zn � 0
∴ limn→+∞ Sn �

1
1−z

∴
∑∞

i�0 z i 收敛且等于 1
1−z

2. (a) 根据欧拉公式 e iθ � cos θ + i sin θ
z � |z |e iθ

�
√

a2 + b2(cos θ + i sin θ)
�
√

a2 + b2 cos θ + i
√

a2 + b2 sin θ
∴ z̄ �

√
a2 + b2 cos θ − i

√
a2 + b2 sin θ

�
√

a2 + b2(cos θ − i sin θ)
� |z |e−iθ

则 zz̄ � |z |e iθ |z |e−iθ

� |z |2e iθ−iθ

1



� |z |2

(b) 已知 e i(θ+ϕ) � e iθe iϕ

∵ e i(θ+ϕ) � cos(θ + ϕ) + i sin(θ + ϕ)
且 e iθe iϕ � (cos θ + i sin θ)(cosϕ + i sinϕ)
� cos θ cosϕ − sin θ sinϕ + i cos θ sinϕ + i sin θ cosϕ
∴ cos(θ + ϕ) + i sin(θ + ϕ) � cos θ cosϕ − sin θ sinϕ + i cos θ sinϕ + i sin θ cosϕ
由复数相等性质可知：

cos(θ + ϕ) � cos θ cosϕ − sin θ sinϕ, sin(θ + ϕ) � cos θ sinϕ + sin θ cosϕ.

3. (a) ∵ (a − b)2 � a2 + b2 − 2ab ≥ 0
∴ a2+b2

2 ≥ ab
又 ∵ (a + b)2 � a2 + b2 + 2ab ≥ 0
∴ a2+b2

2 ≥ −ab
故得证 a2+b2

2 ≥ |ab |

(b) ∵ {εt}为白噪声过程
∴ EXt �

∑∞
i�0 ϕiεt−i � 0

∴ cov(Xt ,Xt−k)
� E(Xt Xt−k) − EXtEXt−k

� E(Xt Xt−k)
� E

∑∞
i�0 ϕiεt−i

∑∞
i�0 ϕiεt−k−i

� E
∑∞

i�0 ϕiεt−i
∑∞

i�k ϕi−kεt−i

�
∑∞

i�k ϕiϕi−kσ2
ε

又 ∵
ϕ2

i +ϕ
2
i−k

2 ≥ |ϕiϕi−k |且 {ϕi}为均方可和序列
∴
∑∞

i�k ϕiϕi−k 收敛且与 t不相关
故得证 ∀k ∈ Z，Xt 的 k-阶自协方差存在且不随时间变化
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