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1. (a) 由于 E𝑋𝑡 = E cos(𝜋 +𝑈) = ∫ 𝜋

−𝜋
1

2𝜋 cos(𝑢 + 𝜋𝑡)𝑑𝑢 = 0，可得：

𝜎2
𝑥(𝑘) = cov(𝑋𝑡+𝑘 , 𝑋𝑡) = E𝑋𝑡+𝑘𝑋𝑡 − E𝑋𝑡+𝑘E𝑋𝑡 = E𝑋𝑡+𝑘𝑋𝑡

= E [cos(𝑈 + 𝜋𝑡 + 𝜋𝑘) cos(𝑈 + 𝜋𝑡)]

=
∫ 𝜋

−𝜋

1
2𝜋 cos(𝑢 + 𝜋𝑡 + 𝜋𝑘) cos(𝑢 + 𝜋𝑡)𝑑𝑢

=
1

4𝜋

∫ 𝜋

−𝜋
[cos(2𝑢 + 2𝜋𝑡 + 𝜋𝑘) + cos(𝜋𝑘)] 𝑑𝑢

=
1
2 cos(𝜋𝑘), 𝑅 ∈ 𝑁

(b) 代码如下：

1 library(tidyverse)

2 library(ggplot2)

3 library(tseries)

4 X <- vector("double",1000)

5 U <- runif(1,-pi,pi)

6 for (i in 1:1000) {

7 X[i] <- cos(pi*i + U)

8 }

9 acf(X, type = "covariance")
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2. 证明如下：

E�̂�2
𝑁 = E

[
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𝑁 − 1

𝑁∑
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(
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1
𝑁 − 1E
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(
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(
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1
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[
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E
(
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(
𝜇 − �̂�𝑁

)2

]
=

1
𝑁 − 1 (𝑁𝜎2 − 𝑁

𝜎2

𝑁
)

= 𝜎2

3. (a) 由 𝑋𝑡 = 𝜌𝑋𝑡−1 + 𝜀𝑡 及 𝑋0 = 𝑎 ∈ 𝑅可得：

𝑋𝑡 = 𝜌𝑋𝑡−1 + 𝜀𝑡 = 𝜌2𝑋𝑡−2 + 𝜌𝜀𝑡−1 + 𝜀𝑡 = · · · = 𝜌𝑡𝑎 +
𝑡−1∑
𝑖=0

𝜌𝑖𝜀𝑡−𝑖 , (𝑡 ≥ 1)

由于 𝜀𝑡 为独立同分布下的标准正态分布白噪声序列，可得 𝑋𝑡 ∼ 𝑁(𝜌𝑡𝑎,
∑𝑡

𝑖=1 𝜌
2(𝑡−𝑖))，

即 𝑋𝑡 ∼ 𝑁(𝜌𝑡𝑎, 1−𝜌2𝑡

1−𝜌2 )，则 𝑋𝑡 的分布函数为：

𝐹𝑡(𝑥) =
∫ 𝑥

−∞

1√
2𝜋 1−𝜌2𝑡

1−𝜌2

𝑒
− (𝑥−𝜌𝑡 𝑎)2

2 1−𝜌2𝑡
1−𝜌2 𝑑𝑥, 𝑡 ≥ 1

(b) 由于 |𝜌| < 1，当 𝑡 → ∞时，𝜌𝑡 → 0，因此

𝐹∞(𝑋) = lim
𝑡→∞

𝐹𝑡(𝑥) =
∫ 𝑥

−∞

1√
2𝜋 1

1−𝜌2

𝑒
− 𝑥2

2 1
1−𝜌2 𝑑𝑥
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此时 lim𝑡→∞ 𝑋𝑡 ∼ 𝑁(0, 1
1−𝜌2 )。

若当 𝑋0 ∼ 𝑁(0, 1
1−𝜌2 )且 𝑋𝑡 ∼ 𝑁(0, 1

1−𝜌2 )时：

E𝑋𝑡+1 = 𝜌E𝑋𝑡 + E𝜀𝑡+1 = 0

var(𝑋𝑡+1) = var(𝜌𝑋𝑡) + var(𝜀𝑡+1) = 𝜌2

1 − 𝜌2 + 1 =
1

1 − 𝜌2

即 𝑋𝑡+1 ∼ 𝑁(0, 1
1−𝜌2 )，𝑋𝑡 的分布均为该极限分布，故该分布为 AR(1)过程的平稳分

布。

(c) 代码如下：

1 library(tidyverse)

2 library(ggplot2)

3 library(tseries)

4 X0 <- runif(1000,0,1)

5 epsilon <- vector("double",100)

6 Xt <- vector("double",100)

7 X <- tibble(c(1:101))

8 for (i in 1:1000) {

9 for (j in 2:101) {

10 Xt[1] = X0[i]

11 epsilon[j] = rnorm(1,0,1)

12 Xt[j] = 0.8*Xt[j-1]+epsilon[j]

13 }

14 X[i] = Xt

15 }

16 Xlab <- str_c("X",seq(0,100,10))

17 for (k in 0:10) {

18 hist(t(X[10*k+1,]),freq = FALSE,xlab = Xlab[k+1],

19 main = str_c("Histogram of ",Xlab[k+1]))

20 curve(dnorm(x,0,100/36),add = T,col = "red")

21 }
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