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Q A kik
©Q & 1E1H % 5 Nash ¥4
© 7 AH XA
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HFE AL
EERE

0 AT 709 & % AN K 2 R 8 I3 (strategic interactions) JR¥L T 69 3 F AT H
o WA KB MRZAK: P EHENMEX
o BB FHMAE AR I ML B EFITAMRERE I
o Antoine A. Cournot, 1838, &% %
o Joseph L. F. Bertrand, 1883, #4354
o Francis Y. Edgeworth, 1889, ™A&#94#2A! (+ = 2k 4])
@ John von Neumann & Oskar Morgenstern, 1944

Theory of Games and Economic Behavior

TR AR Fr it 0 mk
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(LS
EHERHART X

ESAEHF (non-cooperative game)
o EETMENKE AR ERFHR, FWITERFE KRG LA I 0
— B B A e MR R AL R o B, AR TR A
o KA EARALIRIR, 123t HMH — BN
&4 F (cooperative game)
o MRFHREEHATIRRNLZERE K, FMET—ANEEW M7 AR #H IR
—— R R R F IR (coalition) B A 4= “AE2” R “ANFT B, K
TR T 2E R

o HEATAMT, THLH
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L ENIF R
X% : Nobel &[75
1969 % 2023, 55k Nobel %, 93 &£ A 17 Lo TR F R TAEAMF LA LA
BRERT&E, SRTENLFFE (20 4%, 1990 F/54E 10 %)
1994 John C. Harsanyi, John F. Nash, Reinhard Selten
1996 James A. Mirrlees, William S. Vickrey
2005 Robert J. Aumann, Thomas C. Schelling
2007 Leonid Hurwicz, Eric S. Maskin, Roger B. Myerson
2012 Alvin E. Roth, Lloyd S. Shapley
2014 Jean Tirole
2016 Oliver Hart, Bengt Holmstrom
2020 Paul Milgrom, Robert Wilson
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AL
Shapley B Zafk

It is a truth universally acknowledged that much that is fundamental and beautiful in the
field of Game Theory has been shaped, and nurtured over the years, by Lloyd Shapley.
One need merely name topics where his work was seminal and path-breaking, and served
to define entire areas of research: the value (with finite and continuum player sets), core,
voting games and power indices, stochastic games, repeated games, matching, potential
games, market games in coalitional and strategic form, the convergence phenomenon for
perfectly competitive economies (core and value in the coalitional setting, and
non-cooperative equilibrium in the strategic), convex games, fictitious play, etc.

Dubey and Tauman, 2012
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©Q & 1E1H % 5 Nash ¥4
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&S5 Nash #8
FEIEEZERRIRAZ AT BN
F g X (strategic form), 7R AR EHLA; X (normal form)
o AEHELI={1,...,]}
o Sh& i a9 %K Sim S=51%x--- XS
o AE5E ik ERHu;:S—>R
o FTH A G B wkindd, A s=(s1,...,51)€S
o I'=(I,S, (ui)ier) A H —AEF5 69 Kok T X
¥R X (extensive form)
o F kT X + 13 82454 (information structure)
o 13 &M T URAREM AT, MK (game tree)
—A~ EF 3 2 —4~ SF; —A~SF 7T 2 & % A~ EF
X% e KRE %6 Bk ARSI A A #9/26 M



JE A1 A 5 Nash 35
REEF B ZES Nash 178

e Rk AMAT = (1, S, (ui)ier)
o & — AR (strategy profile) s = (s, ..., s1) HE—R K4, WA T &H
o ®# & (strict dominance, /R A& % H K k), £ 8 ®4 &1L (iterative SD),
T # M AL (rationalizability), #8% ¥ # (correlated equilibrium)
o N M) 49L& Nash ¥#7: Rk s Hih 2

s; € argmax u;(s|;t)
tesS;

st & el s, WAL HA Nash ¥4
o MMk R ITR AMARBFXMEE, XALAEZRFHHKE BAT B
#

X e KA KEE % 6 F: JEAAEEA Lk %10 /26 T



JE A1 A 5 Nash 35

o KT XM A RAARGHH AR RLFE: FTA S HAR; kit S FHEA%
SR I AR v R e
o A FR4b &AL A 8915 A & Nash ¥ # T e 1 A /& ; 123514 Al von Neumann &
Morgenstern 5] N9 %4 % (mixed strategy), N & &1 T & 5]
o LRAMMLEBRES;, —MNREFKE 0; £ S; LO—ANBES; RAEFEA
E )
Z

{Gi  Xsies; 0i(8i) = 1,0i(si) > 0}-
o BMBIXENALGEWRE R LR L LT

X e KA KEE % 6 F: JEAAEEA Lk %11/26 T



JE A1 A 5 Nash 35
‘B E RIS TR Nash 1

o LA KRK M 0 = (01’)1‘51 eX=X1 X+ XxX2Xp, W i eGHNEALE A

Ui(o) = B%u; = Y [ | oj(spui(s),
seS jel
[ljer 0j(sj) = 01(s1) -+ 0u(s1) R TFRABI s = (5))jer HILGBEE (0] ZAAIRZ)
o AR oe LMARKERT =(,S, (ui)icr) #9—A (4% %) Nash ¥
#r, EMHAiel R

o; € argmax U;(o|;i7),
TEX;

AF olit RTRERET i 927 @l H

X e KA KEE % 6 F: JEAAEEA Lk %12 /26 T



JE A1 A 5 Nash 35

é@%lﬂ% 'ﬁ/l:l:. (=) ﬁlﬂ%TWJ
o HET 2x2 Rk XM, £/HKFZPL/P2éLE
P2
L R
U|l1,0]0,1
P1
D|[0,1]1,0

° iif—‘??‘—?f‘riy’i%‘%%;‘% Nash ¥ #, f2hE—ayRs&
o1(U) = o3(L) =
o & p=o01(ll) q=02L), NAH

#¥.2% Nash ¥ #7

Ui(o) =pqg+ (1 —-p)1-9q), Ua(o) =p(1—q)+(1—p)q

#— T RERRED L B1(0), B2(0)
X% e KRE 63 AL

Al

13 /26 M



JE A1 A 5 Nash 35
Nash ¥& ) FE M

EIE 1

ERGHRBET = (S, (u)ier) ¥ EN 5 5EBHEBE S WHR, N—RHE
WA %K ¥ Nash %7

JERR.

Ui(o) #4%, XT o; &M, ¥MW; T A#EIIE Berge ;R KA E 2 K72 2,
# Bi(0) = argmax .y Ui(o|it) R 23 Z; 9 EF &L, RH, SxE, #h

p0) = (B1(0), ..., fil0) R 23 D #y L4k sk, Wsk. B3, 6 i Kakutani
RH) B R 2 b 0" € P(o7) .
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Nash (1950):

JE&1EH A 5 Nash #4547

TRILC

48 MATHEMATICS: J. F. NASH, JR. Proc. N. A. S,

This follows from the arguments used in a forthoming paper.'® Tt is
proved by constructing an “abstract” mapping cylinder of \ and tran-
seribing into algebraic terms the proof of the analogous theorem on CW-
complexes.

* This note arose from consultations during the tenure of a John Simon Guggenhein
Memorial Fellowship by MacLane.

# Whitchead, J. H. C., “Combinatorial Homotopy 1 and 11" Bull. A.M.5., 55,
214-045e0d 453-400 (1046, Werele tothesepapersas CH I and CH I, respectvely
4 By a complex we shall mean a connected CW comples, as defined in § of CH
We do ot restrie ourselves o fte complexes. A fed 0-6el ¢ Ko will b the s

‘point for all the homotopy groups in K.
MacLane, S, “Cohomology Theory in Abstract Groups 111" Awn. Math., 50,
736-761 (1949), referred to as CT 111
" An (ampublished) st ik Thoren L for the homotopy type was obained prioe
to these results by
¥ CT 111 uses in place o tqnnlnou (2.4) the stronger hypothesis that AB contains the
center of 4, but all the relevant apply under the »

)

! Blnbers, S, and MacLane, S, “Cohorology Theey in Abtract Groups 11
Ann. Math., 48, 326-341 (194

* Eilenber, S, and MokLan Determination of the Second Homology . . . by
Means of Homotopy Invariants,” thesc P , 32, 277-280 (19460).

* Blaken, A. L, *Some Relatlons Detwoen Homology and Homotopy Groups,”
Awn. Math., 49, 425461 (1048), §

# The hypothesis of Theorem C, n:quirin[ that »~1 (1) not be eyelic, can be readily
realized by suitable cholee of the free group X, but this hypothesis is not needed here

).

 Bilenberg, S., and MacLane, ., “Homology of Spaces with Operators I1,” Trans.
A4.MS. 85 490 (1), releved to oy HSOIL.

i () here s the () of CII te that K exists and
(0 of 251 of CH Land 0 = K, where pis the projection piK —»

 Whitehead, J. H. C., »n e Homotopy Types.” 11 I = 1, Theorem & ttows
from (17:3) on p. 165 o', Letuets Algebraic Topology, (New York, 1942) and argu-
ments in §6 of . Whitehead, “On Simply Connected 4-Dimensional P
(Comm. Math Ilzhv G2 8.02 (304 However i prool ummot be gneratsed 10
the case W

« O comple by

QUILIBRIUM POINTS IN N-PERSON GAMES
By Jonx F. Nasu, Jr.*
PriveuroN Univarsiry

Lefschetz, November 16, 1949

Communicated by §

One may define a concept of an #-person game in which each player has
a finite set of pure strategies and in which a definite set of payments to the
n players corresponds to cach n-tuple of pure strategies, one strategy
being taken for cach player. For mixed strategies, which are probability

Vo 36, 1950 MATHEMATICS:

. POLYA 9

the pr gics, the pay-off functi the expecta-
tions of the players, thus becoming polylinear forms in the probabilities
with which the various players play their various pure strategies.

Any n-tuple of strategies, one for cach player, may be regarded as a
point in the product space obtained by multiplying the n strategy spaces
of the players. One such n-tuple counters another if the strategy of cach
player in the countering n-tuple yields the highest obtainable expeetation
for its player against the n — 1 strategics of the other players in the
countered n-tuple. A seli-countering n-tuple i called an equilibrium point.

The correspondence of each n-tuple with its set of countering n-tuples
gives a one-to-many mapping of the product space into itself. From the
definition of countering we see that the set of countering points of a point
isconvex. By using the continuity of the pay-off functions we sce that the
graph of the mapping is closed. The closedness is equivalent to saying:
i Py, Py, ... and Qi Qs ..., Qy ... are sequences of points in the product
space where Q, = Q, P, = P and Q, counters P, then Q counters P.

Since the graph is closed and since the image of cach point under the
mapping is convex, we infer from Kakutani's theorem! that the mapping
has a fixed point (i.c., point contained in its image). Hence there is an
equilibrium point.

In the two-person zero-sum case the “main theorem”? and the existence
of an cquilibrium point are equivalent. In this case any two equilibrium
points lead to the same expectations for the players, but this need not occur
in general.

of Kakutani's

* The author is indebted to Dr. David Gale for suggesting the
theorem to simplify the proof and to the A. E. C. for financial suprort.
* Kakutani, S, Duke Math. J., 8, 457450 (1941).
* Von Neumann, J., and Morgenstern, ., The Theory of Games and Economic Be-
haviour, Chap. 3, Princeton University Press, Princeton, 1047.

REMARK ON WEYL'S NOTE “INEQUALITIES BETWEEN THIE
TWO KINDS OF EIGENVALUES OF A LINEAR
TRANSFORMATION"*

By GrorcE PoLya

DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY

Communicated by H. Weyl, November 26, 1949

In the note quoted above H. Weyl proved a Theorem involving a func-
tion ¢() and concerning the cigenvalues a, of a lincar transformatior
and those, x, of A*A. 1f the x and A, = |a,|? are arranged in descen
order,

% 6 ARG L
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JE A1 A 5 Nash 35

K HfIF

ik 1Bt
%ik| 5,5 0,10
#1100 2,2
¥k (384, 384%) A& Pareto 3K 89
o T VARZAR A —A F g SN 3R (strategic externality): B FIAMKAGIT A 5 BUEAK

o HiH: WAARA R
o Dubey (1986) #E#, Nash ¥4 /L-F-4F £ Pareto L ##)
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¥ RA K H
I REXNEEMIEREA
o LEHELN; THELA
o TEE (MXE, WYHHE: (1) A—/A#E ho; (i) H\ {ho} P& &AM
h=(ay,... ac), BRI £AT#h 2 SATH &, (i) % (a1,...,ar) € H\ {ho},
(a1,...,ak-1) € H\ {ho}, BPLaTH A E—8AT—F 1 &
o A (nature) 45 5 ho A A(hg) C A P HpH n FAILEGEF—NTH) aq;
WAL EENE
o AT EEH\(EU{ho}) ¥H—%h, BZ—NE55H (h) Bdxk
o ARNERXNSN—HMETMIZLE; FMEEETHZ: HEh W el
H (h) = (W) B A(h) = A(W)
o A5 i A4 EH ML u;E—>R

X e KA KEE % 6 F: JEAAEEA Lk %18 /26 M



¥R K15
FERESS5&EEM®

o EAEEINEAEERA (I); ((I) it TIOSME—T L F, H#
FEEMATHE A(h) PRERF

o HhH iRk AHENEELXRNEEELEF N ITH; 8
NG T SR R

o THEAL5HMEY% 0=(01,...,0n) ZEREZT %) H A& K4%)E Lég—
ANBEED A BRI T AT H &S 5H IR Eu;

o e RATA 0Y1Z & A AR B E (singleton), AR AMRXAMER A 7 £ 12 & (perfect
information) 13 ; BRI, HAFRZ £ & (imperfect information) 1# 7+

X e KA KEE % 6 F: JEAAEEA Lk %19/26 T



¥R X5
BIr=Y3 4N Fn-F18E 3T Nash 7

st F 2 EAZ ST, T Mg A 86 )2 44 % (backward induction) 35— AN,
F FLiX A 2 Nash )

o ¥ : Stackelberg 17
MHFHEHTTER SR, MTRA “BlER7 A
R —AMEEEhAREEE, BABDEANGESETHIA T EHNRA I,
WA FF45 6915 F AR A T 15 2 (subgame)

o THF % % (subgame perfect) Nash ¥ #7: FR&| £ AT A F 15 A7 KA A&
Nash 354749 R &40

X e KA KEE % 6 F: JEAAEEA Lk %20/26



¥R K
EHEEAFTRE T E R EREE R
£ ET @ “in” 3 (centipede game, cf. Rosenthal, 1981):

1R2R1R2R1R2R1RZR(100,100)

D D D D D D D D
1,1) 03 (22 (L4 (9898) (97,100) (99,99) (98,101)

BeHELEFT1. 2478 —. —4 5%, BFTEL—HFEAT1INKE, 6—H#F
R 2000 E IR FRARIRITH, K148, »AlEEas%% R) E2
B TAE.k (D), — 247 200 4 : 4o B2 AL S R T —4 b 3 7 ik B IEE, IR L
AM—AMARMK 1 2R EmE —AMARHE M2 2500 H, Ak

“t — Nash ¥ 18 R %, 1 “&32”
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R R: ERES
Cournot I E=%
o FEMELL, £FRRZS, RAZKA cy;, i=1,2, BALLAIRRELY
Aec>0
o FamER{HFANAd=Dp)=A-p, A>c, MHEHRERXRZHKAp=A-d
o AN RBHYUFLFNHX: BAhRT, EANLLYGZZXEA v, 12, W
TIHMAEA P =A-y1- 12
e Cournot 5T %144 : AAL LR B &#F ~ 2 K-F
o JLEF*E—#) Nash ##5 = B K-FH S, y5, WEZd yo =yl +y5 DT LBk
FEikE y"
o ER: HAT B (THE+FE HHI #2it A at), B RAA, dExt#t=HK
(LI A), R, —&MERZHF X

X e KA KEE % 6 F: JEAAEEA Lk %23 /26



Stackelberg 2= S

o MEHE FAATLL
o BRixdkl BARFESZ Y, mbk2 ANKE y IELEFFZ
o Stackelberg #7549 # %/ X 5 Cournot 789 K 94 X2 2 40F, ZAETH E
B, AT RS H 15 L
o Wit A —&y Nash 7 > Z KTy, y5, By >y, WAEEALERY
o A HF MY (leader’s advantage): I B3+ F a9 ek iedF, MR A T oY R %
S
o 18/E: Cournot HiZ 436 AHE R UR R 509 A . TRIELI6R, 4o
FELAE SE 4 5 F 77 2 NG9 IR Z A (limit pricing)
o —ANRIIT B4 f5 RN F A S I 2 FF A B HR) Kb
5, T AR 3% Stackelberg (£ ) 1§75k %] &

X8 o KK EER % 6 F: JEAAEEA Lk %24 /26 T



sZHg R Ektd
Bertrand 118 =%

o FEMAND LT MIEREZ TS
o BIX AL B B FMAE KT p1,pa: F pi <pj, Wi REHATHEK;
ERANDL B M ABF pr = p2, WHSEGTHE R
o Bertrand t#% 5 Cournot 147 F] # & F] i 47 3/ (simultaneous move) # 7+, Bp it
ST ENEE R S RN 1
o R A Stackelberg Xty EH X, —AN BWaLh#, B—AT HELE, &%
HATEHI?
o IMASEF WA A E—4Y Nash 3987 p? = pl = c, wE39H 2yt = yb + 48
F‘é_j % ym’ yC’ ys
o W XMALFRAZN, BB ERZFFHIE, INHKE THLA K
(socially efficient) = & K -F
o &/ : Cournot A BRRFER, MMM ETOMMKESE, T T —%
£ 09143 (auction) 3
X & o X K& 8K %63 AEAMEHE % 25/26
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